We prove the generalized Hyers-Ulam stability of generalized mixed type of quartic, cubic, quadratic and additive functional equation in non-Archimedean spaces.
Introduction and Preliminaries
In 1897, Hensel 1 has introduced a normed space which does not have the Archimedean property.
During the last three decades, theory of non-Archimedean spaces has gained the interest of physicists for their research in particular in problems coming from quantum physics, p-adic strings, and superstrings 2 . Although many results in the classical normed space theory have a non-Archimedean counterpart, their proofs are essentially different and require an entirely new kind of intuition 3-10 .
Let K be a field. A non-Archimedean absolute value on K is a function | · | : K → R such that for any a, b ∈ K we have that for all x ∈ X. If, in addition, f : X → Y is a mapping such that the transformation t → f tx is continuous in t ∈ R for each fixed x ∈ X, then L is an R-linear mapping.
Very recently, Rassias 26 
and they established the general solution and the generalized Hyers-Ulam stability for the functional equation 1.9 . They proved that a function f between two real vector spaces X and Y is a solution of 1.9 if and only if there exists a unique function C :
Abstract and Applied Analysis such that f x C x, x, x for all x ∈ X; moreover, C is symmetric for each fixed variable and is additive for fixed two variables. The function C is given by
for all x, y, z ∈ X see also 47, 49-55 . Lee et al. 56 considered the following functional equation:
In fact, they proved that a function f between two real vector spaces X and Y is a solution of 1.11 if and only if there exists a unique symmetric biquadratic function B 2 :
x, x for all x. The biquadratic function B 2 is given by
Obviously, the function f x cx 4 satisfies the functional equation Throughout this paper, assume that G is an additive group, X is a complete nonArchimedean spaces, and V 1 , V 2 are vector spaces. Before taking up the main subject, given f : G × G → X, we define the difference operator
where f y : f y f −y and k ∈ Z \ {0, ±1} for all x, y ∈ G. 
Stability of the AQCQ-Functional Equation
Theorem 2.2. Let ∈ {1, −1} be fixed, and let ϕ : G × G → 0, ∞ be a function such that
for all x, y ∈ G. Suppose that an odd function f : G → X satisfies the inequality
for all x, y ∈ G. Then there exists a unique additive function A : G → X such that
Abstract and Applied Analysis for all x ∈ G, where
for all x ∈ G. It follows from 2.9 , 2.11 , 2.12 , 2.14 , and 2.15 that
for all x ∈ G. Also, from 2.9 , 2.10 , 2.12 , 2.13 , 2.16 , and 2.17 , we conclude that
for all x ∈ G. Finally, by using 2.18 and 2.19 , we obtain that
From 2.20 , we conclude that
for all x ∈ G. If we replace x in 2.21 by x/2 n 1 , we get
for all x ∈ G. It follows from 2.1 and 2.22 that the sequence {2 n g 1 x/2 n } is Cauchy. Since X is complete, we conclude that {2 n g 1 x/2 n } is convergent. So one can define the function
for all x ∈ G. By using induction, it follows from 2.21 and 2.22 that
for all n ∈ N and all x ∈ G. By taking n to approach infinity in 2.24 and using 2.4 one gets 2.3 . Now we show that A is additive. It follows from 2.1 , 2.22 , and 2.23 that
for all x ∈ G. On the other hand it follows from 2.1 , 2.2 , and 2.23 that 
for all x ∈ G. Therefore A A . For −1, we can prove the theorem by a similar technique. 
Theorem 2.4. Let ∈ {1, −1} be fixed and let ϕ :
for all x, y ∈ G. Suppose that an odd function f : G → X satisfies inequality 2.2 for all x, y ∈ G.
Then there exists a unique cubic function
for all x ∈ G, where
and ψ x is defined as in 2.5 for all x ∈ G.
Proof. Let −1. Similar to the proof of Theorem 2.2, we have
for all x ∈ G, where ψ x is defined as in 2.5 for all x ∈ G. Let g 2 : G → X be a function defined by g 2 x : f 2x − 2f x for all x ∈ G. From 2.32 , we conclude that
for all x ∈ G. If we replace x in 2.33 by 2 n−1 x, we get
for all x ∈ G. It follows from 2.29 and 2.34 that the sequence {g 2 2 n x /2 3n } is Cauchy. Since X is complete, we conclude that {g 2 2 n x /2 3n } is convergent. So one can define the function C : G → X by
for all x ∈ G. It follows from 2.33 and 2.34 by using induction that
for all n ∈ N and all x ∈ G. By taking n to approach infinity in 2.36 and using 2.29 , one gets 2.30 . Now we show that C is cubic. It follows from 2.29 , 2.34 , and 2.35 that
for all x ∈ G. On the other hand it follows from 2.2 , 2.29 , and 2.35 that
for all x, y ∈ G. Hence the function C satisfies 1.14 . Thus by Lemma 2.1, the function x C 2x − 2C x is cubic-additive. Therefore 2.38 implies that the function C is cubic. Theorem 2.6. Let ∈ {1, −1} be fixed, and let ϕ : G × G → 0, ∞ be a function such that
Then there exist a unique additive function A : G → X and a unique cubic function C : 
for all x ∈ G. So we obtain 2.41 by letting A x −1/6A 0 x and C x 1/6C 0 x for all x ∈ G.
To prove the uniqueness property of A and C, let C , A : G → X be other additive and cubic functions satisfying 2.41 . Let A A − A and C C − C . Hence
for all x ∈ G. Since
for all x ∈ X. Therefore, we get C 0 and then A 0, and the proof is complete. For −1, we can prove the theorem by a similar technique.
Then there exist a unique additive function A : G → X and a unique cubic function
for all x ∈ G, where ψ a x and ψ c x are defined as in Theorems 2.2 and 2.4.
Proof. The proof is similar to the proof of Theorem 2.6, and the result follows from Theorems 2.2 and 2.4.
Stability of the AQCQ-Functional Equation 1.14 : For an Even Case
In this section, we prove the generalized Hyers-Ulam stability of the functional equation Df x, y 0 in complete non-Archimedean spaces: an even case.
Lemma 3.1 see 63 .
If an even function f : V 1 → V 2 satisfies 1.14 , then the function h 1 :
Theorem 3.2. Let ∈ {1, −1} be fixed, and let
for all x, y ∈ G. Suppose that an even function f : G → X with f 0 0 satisfies inequality 2.2 for all x, y ∈ G. Then there exists a unique quadratic function Q : G → X such that
Abstract and Applied Analysis 13
exists for all x ∈ G.
Proof. Let 1. It follows from 2.2 and using the evenness of f that
for all x, y ∈ G. Interchanging x with y in 3.5 , we get by the evenness of f:
for all x, y ∈ G. Setting y 0 in 3.6 , we have
for all x ∈ G. Putting y x in 3.6 , we obtain
for all x ∈ G. Replacing x and y by 2x and 0 in 3.6 , respectively, we see that
for all x ∈ G. Setting y kx in 3.6 and using the evenness of f, we get
for all x ∈ G. It follows from 3.7 , 3.8 , 3.9 , and 3.10 that
for all x ∈ G. Let h 1 : G → X be a function defined by h 1 x : f 2x − 16f x for all x ∈ G. From 3.11 , we conclude that
for all x ∈ G. Replacing x by x/2 n 1 in 3.12 , we have
for all x ∈ G. It follows from 3.1 and 3.13 that the sequence {2 2n h 1 x/2 n } is Cauchy. Since X is complete, we conclude that {2 2n h 1 x/2 n } is convergent. So one can define the function
for all x ∈ G. It follows from 3.12 and 3.13 by using induction that
for all n ∈ N and all x ∈ G. By taking n to approach infinity in 3.15 and using 3.3 , one gets 3.2 . Now we show that Q is quadratic. It follows from 3.1 , 3.13 , and 3.14 that
for all x ∈ G. On the other hand it follows from 2.2 , 3.1 , and 3.14 that
for all x, y ∈ G. Hence the function Q satisfies 1.14 . Thus by Lemma 3.1, the function x Q 2x − 16Q x is quartic-quadratic. Therefore 3.17 implies that the function Q is quadratic. The rest of the proof is similar to the proof of Theorem 2.2. For −1, we can prove the theorem by a similar technique.
Lemma 3.3 see 63 .
If an even function f : V 1 → V 2 satisfies 1.14 , then the function h 2 :
Theorem 3.4. Let ∈ {1, −1} be fixed, and let ϕ :
for all x, y ∈ G. Suppose that an even function f : G → X with f 0 0 satisfies inequality 2.2 for all x, y ∈ G. Then there exists a unique quartic function V : G → X such that
and ϕ x is defined as in 3.4 for all x ∈ G.
Lemma 3.5 see 63 .
If an even function f : V 1 → V 2 satisfies 1.14 , then f is quartic-quadratic function.
Theorem 3.6. Let ∈ {1, −1} be fixed, and let ϕ : G × G → 0, ∞ be a function such that
for all x, y ∈ G. Suppose that an even function f : G → X with f 0 0 satisfies inequality 2.2 for all x, y ∈ G. Then there exist a unique quadratic function Q : G → X and a unique quartic function
for all x ∈ G, where ψ q x and ψ v x are defined as in Theorems 3.2 and 3.4. Proof. The proof is similar to the proof of Theorem 2.6 and the result follows from Theorems 3.2 and 3.4.
for all x ∈ G, where ψ q x and ψ v x are defined as in Theorems 3.2 and 3.4.
AQCQ-Functional Equation in Non-Archimedean Normed Spaces
Now, we are ready to prove the main theorems concerning the generalized Hyers-Ulam stability problem for 1.14 in non-Archimedean spaces. 
for all x ∈ G, where 
for all x, y ∈ G. From Theorem 2.6, it follows that there exist a unique additive function A : G → X and a unique cubic function C : G → X satisfying
for all x ∈ G. Also, let f e x 1/2 f x f −x for all x ∈ G. Then
for all x, y ∈ G. From Theorem 3.6, it follows that there exist a quadratic function Q : G → X and a quartic function V : G → X satisfying
for all x ∈ G. Hence, 4.2 follows from 4.7 and 4.9 . To prove the uniqueness property of A, Q, C, and V , let A , Q , C , V : G → X be other additive, quadratic, cubic, and quartic functions satisfying 4.
for all x ∈ G, if we replace x in 4.10 by x/2 n and multiply both sides of 4.10 by |2| 4n , we get for all x ∈ G. Therefore Q 0, and then A 0.
